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Abstract. In this paper we study the pseudoeffective cones of blow-ups of Grassmannians at sets of points.
For small numbers of points, the cones are often spanned by proper transforms of Schubert classes. In some

special cases, we provide sharp bounds for when the Schubert classes fail to span and we describe the
resulting geometry.

1. Introduction

Positive cones of divisors and curves play an important role in algebraic geometry and have been a subject
of great interest for many years. Recently there has been increased interest in cones of higher codimension
cycles ([CC], [CLO], [DELV], [DJV], [FL]), but only a small number of examples have been studied. The
goal of this paper is to contribute to the body of known examples. This paper was inspired by the recent
work of Coskun-Lesieutre-Ottem [CLO] who studied effective cones on blow-ups of projective space.

Let X = G(k, n) be the Grassmannian of k-dimensional subspaces of a fixed n-dimensional vector space
over an algebraically closed field. X is a rational homogeneous variety of dimension k(n− k). In this paper
we will assume k ≥ 2 and n − k ≥ 2. Let Γ be a set of r distinct points of X, and XΓ the blow-up of X
along Γ. We will denote by Effm(XΓ) the closed convex cone of pseudoeffective dimension-m cycles of XΓ,

and by Eff
m

(XΓ) the cone of pseudoeffective codimension-m cycles.
Computations of the effective cones in this paper follow roughly three distinct methods. First, if a

connected solvable group B acts on a variety, then the effective cones are determined by B-invariant effective
cycles (Section 3). Second, we can produce nef classes that impose numerical conditions on effective cycles
of complementary dimension (see Sections 4 and 5). Lastly, we can push cycles forward from a subvariety
Y ⊂ XΓ when Effm(Y ) is understood (Section 6).

Even in the case of divisors, little is known about the structure of the effective cone when Γ consists of
more than a few points. It is not known, for example, how many points need to be blown-up for XΓ to cease
to be a Mori Dream Space or log Fano. However, if r is sufficiently small, then Effm(XΓ) often admits a
simple description in terms of pullbacks of the Schubert classes on G(k, n).

Definition 1.1. Let XΓ denote the blow-up of the Grassmannian G(k, n) at a finite set of points Γ. We
say that Effm(XΓ) is S-generated if it is the cone spanned by the classes of m-dimensional linear spaces in
the exceptional divisors and the classes of strict transforms of m-dimensional Schubert classes on G(k, n),
possibly passing through the points of Γ. If α is in the span of these classes, we will say that α is in the span
of the Schubert classes. We say that Effm(XΓ) is finitely generated if it is a rational polyhedral cone.

Our first result says that when Γ consists of a single point, the pseudoeffective cone in all dimensions is
necessarily S-generated.

Corollary (3.2). Let X1 be the blow-up of G(k, n) at a point. Then Effm(X1) is S-generated for 0 ≤ m <
k(n− k).

Using a description of the singularities of Schubert varieties we can use the above result to explicitly
describe Effm(X1). This recovers a result of Rischter [R] regarding the effective cone of divisors on blow-ups
of Grassmannians at a single point. When n = 2k and Γ is a set of two general points, we are able to give a

similarly explicit description of Eff
1
(k, 2k).

2010 Mathematics Subject Classification. Primary: 14C25, 14C99, 14M15, 14N15. Secondary: 14E30, 14E99, 14M07.
Key words and phrases. Cones of effective cycles, higher codimension cycles, blow-ups of Grassmannians.

During the preparation of this article the author was partially supported by NSF RTG grant DMS-1246844.

1



2 J. KOPPER

Theorem (4.2). Let Γ be a set of two general points on G(k, 2k) and XΓ the blow-up of G(k, 2k) along Γ.

Then Eff
1
(XΓ) is S-generated. In particular it is spanned by the exceptional classes and classes of the form

H −mE1 − (k −m)E2, where 0 ≤ m ≤ k and H is the pullback of the hyperplane class on G(k, 2k) in its
Plücker embedding.

Theorem 4.2 was also shown independently by Rischter in [R]. We also give a description of Effm(XΓ)
when Γ is two general points and m is arbitrary.

Theorem (3.8). Let Γ be a set of 2 general points on G(k, n) and XΓ the blow-up of G(k, n) along Γ. Then
Effm(XΓ) is generated by strict transforms of Schubert cycles and strict transforms of intersections (not
necessarily transverse) of Schubert cycles.

The proof of Theorem 3.8 will show that Effm(XΓ) is in fact finitely generated. It is more difficult to
describe Effm(XΓ) when Γ consists of many points. To constrain the problem, we restrict our attention to
specific values of m. The cases m = 1 and m = 2 are particularly tractable because the intersection product
on Grassmannians has a simple description in (co)dimensions 1 and 2. By studying the Plücker embedding
of G(k, n), one can often construct nef classes of divisors as restrictions of hypersurfaces in projective space.
These classes impose numerical conditions on effective 1- and 2-cycles. Using this idea, Rischter proves in
[R] that if Γ is a set of r general points on G(k, n), then the cone of curves Eff1(XΓ) is S-generated for r
at most the codimension of G(k, n) in its Plücker embedding plus one. We show that the same holds for
Eff2(XΓ).

Proposition (4.6). Let Γ be a set of r general points on G(k, n). Then the cones Eff1(XΓ) and Eff2(XΓ)
are S-generated if

r ≤
(
n

k

)
− k(n− k).

In some circumstances this can be improved by one for curves (Proposition 4.7). We do not expect this
to be sharp. Indeed we show that if the points of Γ are very general then we can characterize precisely when
Eff1(XΓ) is S-generated.

Corollary (4.10). Let Xr be the blow-up of G(k, n) at r very general points. Then Eff1(Xr) is S-generated

if and only if r ≤ deg G(k, n) under the Plücker embedding G(k, n)→ P(n
k)−1.

It is not clear whether the assumption “very general” can be replaced with “general.” For example, in
the case of G(2, 4) it can be. Indeed, if the points of Γ are general and r = 2 = deg G(2, 4) then Eff1(XΓ)
is S-Generated (Proposition 5.2). Coskun-Lesieutre-Ottem [CLO] use a similar argument to describe curves
on blow-ups of Pn at very general points. By taking cones over lower-dimensional cycles, they are able
to inductively describe pseudoeffective cones of higher dimension. Their argument does not immediately
generalize to G(k, n). One approach is to consider G(k, n), the Grassmannian of k-planes in Pn. If Z ⊂
G(k, n) is a subvariety then

Y =
⋃
W∈Z

W ⊂ Pn

is a subvariety of projective space. By embedding this in Pn+1 and taking cones over the k-planes W , we
get a variety Y ′ in Pn+1 swept out by (k + 1)-planes. That is, we obtain a subvariety Z ′ ⊂ G(k + 1, n+ 1).
However, the W ′ in Z ′ are necessarily in special position: they are contained in the Schubert variety of
(k + 1)-planes containing the cone point. We explore this idea at the end of Section 6 to show that the
behavior of Eff1(XΓ) depends dramatically on the configuration of the points of Γ (c.f. Corollary 6.6 and
Proposition 6.7).

Another difficulty, and one less peculiar to the case of Grassmannians, is that the description of pseudoef-
fective cones on blow-ups is intimately related to interpolation problems. Already in the case of P2 blown-up
at 10 points we have only a conjectural description of the effective cone. Assuming this SHGH conjecture
([Har], [G], [Hi]), we show that Eff1(X2,5

r ) is not finitely generated, where X2,5
r is the blow-up of G(2, 5) at

r ≥ 6 very general points. In fact, we show that this is true in the more general setting of Fano manifolds
of index n− 1 (Definition 6.1).
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Theorem (6.5). Assume the SHGH conjecture holds for 10 very general points in P2. Let Z be a Fano
manifold of index n− 1 such that −KZ = (n− 1)H for H ample. If d = Hn and X is the blow-up of Z at
d+ 1 very general points, then Eff1(X) is not finitely generated.

Structure of this paper. In Section 2 we recall some facts about Grassmannians and pseudoeffective
cones. In Section 3 we study certain group actions on Grassmannians and compute their orbits. We then
extend the group action to the blow-up of the Grassmannian at the fixed points of the action and a standard
argument allows us to compute the resulting effective cones. Section 4 treats the case of divisors and curves.
In Section 5 we demonstrate our techniques in the case of some examples. In Section 6 we prove Theorem 6.5
to show that pseudoeffective cones on blow-ups of Fano manifolds of index n− 1 are not finitely generated,
assuming SHGH.

Acknowledgments. I am very grateful to my advisor, Izzet Coskun, for all of his help and guidance. I
would also like to thank Dave Anderson, Tabes Bridges, Mihai Fulger, John Lesieutre, Eric Riedl, Rick
Rischter, and Tim Ryan for their helpful conversations and feedback. I am also grateful for the referee’s
valuable input.

2. Preliminaries

In this section we collect some facts and lemmas that will be useful throughout the paper.

Definition 2.1. Let V be an n-dimensional vector space and F• a complete flag

F0 ⊂ F1 ⊂ · · · ⊂ Fn = V.

Let λ = (λ1, . . . , λk) be a partition such that n − k ≥ λ1 ≥ · · · ≥ λk ≥ 0. The Schubert variety Σλ(F•) is
defined as the set of W ∈ G(k, n) such that dimW ∩ Fn−k+i−λi

≥ i for 1 ≤ i ≤ k. If F• and F ′• are two
different flags, then the Schubert varieties Σλ(F•) and Σλ(F ′•) represent the same Chow class. We therefore
denote by σλ = [Σλ(F•)] the corresponding class in A|λ|(G(k, n)), where |λ| =

∑
λi. The Schubert classes

generate the Chow ring A∗(G(k, n)). We will typically suppress the flag in our notation and we will adopt
the convention of omitting trailing zeros when writing partitions. We refer to [EH] for details and proofs.

The complete linear system |σ1| defines the Plücker embedding G(k, n) → P(ΛkV ). We may define the
Plücker embedding in coordinates as follows. Given a k-dimensional subspace W of an n-dimensional vector
space V , we pick a basis w1, . . . , wk of W . Then the map

W 7→ w1 ∧ · · · ∧ wk ∈ ΛkV

is well-defined up to a constant, and therefore gives a well-defined map to P(ΛkV ).
We will often implicitly think of G(k, n) = G(k, V ) as embedded in P(ΛkV ) via the Plücker embedding.

It will occasionally be convenient to identify G(k, n) with G(k − 1, n − 1), the Grassmannian of (k − 1)-
dimensional linear subspaces of Pn−1.

In general it is not the case that every variety of class σλ is a Schubert variety. In fact, varieties of class
σλ can sometimes pass through more general points than a Schubert variety Σλ. In some cases, however, all
varieties Y ⊂ G(k, n) of class σλ are Schubert varieties. Such classes and their corresponding partitions are
called rigid. A complete classification of rigid Schubert varieties is given in [C2].

Singularities of Schubert varieties. Schubert varieties are not smooth in general. Let Σλ be a Schubert
variety corresponding to the partition λ = (λ1, . . . , λk). Then Σλ is the disjoint union of the Schubert cells

Σ◦µ = Σµ \

(⋃
ν>µ

Σν

)

where µ = (µ1, . . . , µk) ≥ λ. A formula for the multiplicity of Σλ along a Schubert cell was given by
Rosenthal-Zelevinsky.
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Theorem 2.2 ([RZ, Theorem 1]). Let λ and µ be partitions such that µ ≥ λ. Put ti = n− k + i− λi. then
the multiplicity of Σλ along Σ◦µ is

(−1)s1+···+sk det


(
t1
−s1

)
· · ·

(
tk
−sk

)(
t1

1−s1

)
· · ·

(
tk

1−sk

)
...

...(
t1

k−1−s1

)
· · ·

(
tk

k−1−sk

)
 ,

where si = #{µj : µj − j < λi − i}.

By [C2, Lemma 4.1], the maximum multiplicity of any variety of class σλ is at most that of the Schubert
variety Σλ.

Intersection theory on point blow-ups of Grassmannians. Numerical and rational equivalence co-
incide on point blow-ups of Grassmannians. Let Γ be a set of r points p1, . . . , pr on G(k, n), and let
π : XΓ → G(k, n) denote the blow-up of G(k, n) along Γ. We will denote by H pullback of the Schubert class
σ1 and by Ei the exceptional divisor corresponding to pi. The following intersection formulas are standard:

E
k(n−k)
i = (−1)k(n−k)+1, H · Ei = 0, Ei · Ej = 0, i 6= j.

The exceptional divisors Ei are isomorphic to Pk(n−k)−1. We will denote by E
[m]
i a codimension-m linear

cycle contained in Ei, and by Ei,[m] a dimension-m linear cycle contained in Ei. The Chow group A1(G(k, n))
is free of rank one, generated by the Schubert cycle σn−k,n−k,...,n−k,n−k−1. We will denote by ` the pullback
of this class via π, and by `i the class of a line contained in Ei. For the remaining Schubert classes we will
abuse notation and use the symbol σλ to denote their pullbacks in XΓ.

The intersection product on Grassmannians is the subject of Schubert calculus, which we shall briefly
describe. We refer to [EH] for details and proofs. The two main results are Pieri’s formula, which describes
the intersection product for special partitions, i.e. partitions of the form λ = (λ1, 0, . . . , 0), and Giambelli’s
formula which gives a method of writing any Schubert class as a polynomial in the special classes.

Theorem 2.3 (Pieri’s formula [EH, Prop. 4.6]). Let λ be a special partition and σµ any Schubert class, with
µ = (µ1, . . . , µk). Then

σλ · σµ =
∑

µi≤νi≤µi−1

|ν|=|λ|+|µ|

σν .

Theorem 2.4 (Giambelli’s formula [EH, Prop. 4.16]). Let λ = (λ1, . . . , λk) be a partition and σλ the
corresponding Schubert class. Then

σλ = det


σλ1

σλ1+1 σλ1+2 · · · σλ1+k−1

σλ2−1 σλ2 σλ2+1 · · · σλ2+k−2

...
...

...
. . .

...
σλk−k+1 σλk−k+2 σλk−k+3 · · · σλk

 .

Numerical spaces. Let X = G(k, n) and let Γ be a set of r points on X. We denote by XΓ the blow-up
of X along Γ. For 0 ≤ m ≤ k(n − k), we write Nm(XΓ) for the R-vector space of dimension-m cycles
on XΓ modulo numerical equivalence. We write Nm(XΓ) for the R-vector space of codimension-m cycles
modulo numerical equivalence. The pullbacks of the Schubert classes σλ such that |λ| = m, together with

the exceptional classes E
[m]
i , 1 ≤ i ≤ r, form an effective basis for Nm(XΓ).

Definition 2.5. A class in Nm(XΓ) is pseudoeffective if it is the limit of classes of effective cycles. We
denote by Effm(XΓ) the closed convex cone in Nm(XΓ) consisting of pseudoeffective classes.

The following standard lemma will be useful for describing effective cones.

Lemma 2.6 (c.f. [CLO]). Let Y ⊂ XΓ be a subvariety of codimension m.

(1) If Y ⊂ Ei for some 1 ≤ i ≤ r then [Y ] = bE
[m]
i for some b > 0.

(2) Otherwise, Y =
∑
|λ|=m aλσλ −

∑r
i=1 biE

[m]
i with a, bi ≥ 0. The coefficient bi is equal to the multi-

plicity of π(Y ) in G(k, n) at the point pi.
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3. Group actions on G(k, n)

There is a natural action of the general linear group GLn on G(k, n). Fix an ordered basis f1, . . . , fn
for a vector space V and let B ⊂ GL(V ) be the group of upper-triangular matrices. It is well-known that
B is connected and solvable. The following lemma (see, e.g., [A, Lemma 2.1]) shows that this allows us to
compute the pseudoeffective cones (c.f. [FMSS]).

Lemma 3.1. Let X be a complete irreducible variety of dimension n, and B a connected solvable group
acting on X. Then for any 0 ≤ m ≤ n, the cone of effective classes in Nm(X) is generated by the classes of
B-invariant m-cycles.

Let F• be the complete flag F0 ⊂ F1 ⊂ · · · ⊂ Fn = V where Fi = 〈f1, . . . , fi〉. By [Ful, §9.4], the B-
invariant m-orbits in G(k, n) are precisely the Schubert cells Σ◦λ(F•) with |λ| = k(n− k)−m. This recovers

the fact that the classes of the Schubert varieties generate Effm(G(k, n)). Further, the point Fk = 〈f1, . . . , fk〉
is fixed by B, thus we can extend the B action to the blow-up of G(k, n) at Fk.

Corollary 3.2. Let X1 be the blow-up of G(k, n) at a point. Then Effm(X1) is S-generated for 0 ≤ m ≤
k(n− k).

Proof. Let p ∈ G(k, n) be any point. Since G(k, n) is homogeneous, we may choose a basis for V so that
the group B of upper-triangular matrices fixes p. If π : X1 → G(k, n) is the blow-up of G(k, n) at p, then
BE = E, where E is the exceptional divisor. Let Y ⊂ X1 be a B-invariant m-cycle. Since π is B-equivariant,
π(Y ) is B-invariant too. It follows that π(Y ) is either the point p or a Schubert cell and Y its strict transform.
Thus Effm(X1) is S-generated. �

Using Theorem 2.2 we can now explicitly describe the effective cones of X1: the cone Eff
m

(X1) is spanned
by E[m] and classes of the form σλ−dλE[m] where |λ| = m and dλ is the multiplicity of the partition λ along
µ = (n− k, n− k, . . . , n− k).

A similar method works for the blow-up of G(k, n) at two general points. The idea is to replace the group
B of upper-triangular matrices with a suitable alternative to ensure that both points are fixed by the action.
First we will study what happens when n = 2k, then reduce the general case to that one.

Let V be a 2k-dimensional vector space. We begin with two flags F• and G• of length k, defined by
Fi = 〈f1, . . . , fi〉 and Gj = 〈g1, . . . , gj〉. We assume the set {f1, . . . , fk, g1, . . . , gk} is a basis for V so that Fk
and Gk are in general position. We then have an action on G(k, 2k) by the group

B =

{(
B1 0
0 B2

)}
⊂ GL(V ),

where B1 and B2 are the groups of k × k upper-triangular matrices. By construction, B fixes Fk and Gk.
Our main goal is to compute the B-orbits of G(k, 2k) so that we can apply Lemma 3.1.

Definition 3.3. Let W ⊂ V be any linear subspace. Define the (k + 1)× (k + 1) incidence matrix IW by

IW = (dimW ∩ (Fi +Gj))0≤i,j≤k .

That is, the (i, j)-th entry of IW is the dimension of the intersection W ∩ (Fi +Gj), where 0 ≤ i, j ≤ k (note
the unusual indexing).

The set of W ′ satisfying IW ′ = IW is clearly an intersection (not necessarily transverse) of Schubert cycles
defined with respect to flags H• of the form H` = Fi` + Gj` . The main fact is that these are precisely the
B-orbits of G(k, 2k). To prove this, we will use the following lemma which produces a computationally useful
space W ′ satisfying IW ′ = IW .

Lemma 3.4. If W ∈ G(k, 2k) then there is some W ′ with basis w1, . . . , wk such that:

(1) Each fi and gj appears at most once in the expression of the w`,
(2) IW ′ = IW .

Proof. We construct W ′ ∈ G(k, 2k) as follows. Order the entries of IW with the lexicographic order on the
indices, and let w1 = fi + gj where (i, j) is the first nonzero entry. Inductively, let w` = fi + gj where (i, j)
is the first nonzero entry of IW − I〈w1,...,w`−1〉.
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Suppose for a contradiction that w` = fi + gj and wm = fi + gj′ , with m 6= `. Without loss of generality,
assume ` < m. Let a be the (i, j′) entry of I = IW − I〈w1,...,w`−1〉, b the (i, j′ − 1) entry and c the (i− 1, j′)
entry, so that I has the following form:

I =



0 0 · · · 0 ∗ · · · ∗ ∗ ∗ · · ·
...

...
...

...
...

...
...

0 0 · · · 0 ∗ · · · ∗ c ∗ · · ·
0 0 · · · 1 ∗ · · · b a ∗ · · ·
0 0 · · · ∗ ∗ · · · ∗ ∗ ∗ · · ·
...

...
...

...
...

...
...


We must have b, c ≤ a. Further, I〈fi+gj〉 is the matrix whose nonzero entries are precisely the rectangle of
1’s with corners (i, j) and (k, k). Since there exists w ∈ W with I〈w〉 = I〈fi+gj〉, I is an incidence matrix
corresponding to some subspace of W . Thus a− 1 ≤ b, c.

Now if v ∈ V is any vector such that the (i, j′ − 1) entry of I − I〈v〉 is strictly less than b, then the (i, j′)
entry of I − I〈v〉 is strictly less than a. The same must hold for c and a. By assumption, there is some
W ′ ⊂ V such that (i, j′) is the first nonzero entry of I − IW ′ . It follows that b = c = a− 1, and furthermore
that every wr with r < m must correspond to an entry in IW strictly above and to the left of (i, j′). This
contradicts w` = fi + gj . An analogous argument shows that the gj cannot occur more than once. This
gives (1).

To prove (2), it suffices to show that IW − IW ′ = 0. We first show by induction that IW − I〈w1,...,w`〉 has
nonnegative entries for 1 ≤ ` ≤ k. Indeed, IW−I〈w1,...,w`〉 = IW−I〈w1,...,w`−1〉−I〈w`〉. Since IW−I〈w1,...,w`−1〉
is the incidence matrix corresponding to a codimension-(` − 1) subspace of W , its rows are nondecreasing
from left to right and its columns are nondecreasing from top to bottom. The incidence matrix I〈w`〉 consists
of all zeros except for a rectangle of 1’s starting at the first nonzero entry of IW − I〈w1,...,w`−1〉. It follows
that IW − I〈w1,...,w`−1,w`〉 has nonnegative entries. Furthermore, for each `, the elements of IW − I〈w1,...,w`〉
are bounded above by the (k, k) entry, which is necessarily k− `. Since the (k, k) entry of IW − IW ′ is zero,
claim (2) follows. �

Lemma 3.5. Let B be the set of block-diagonal invertible upper-triangular matrices. If W ∈ G(k, 2k) then
the B-orbit of W is the set of all W ′ ∈ G(k, 2k) such that IW ′ = IW .

Proof. Let W ′ be as in Lemma 3.4. The general element of B is of the form

C =



x1 x2 x3 · · · xk
0 xk+1 xk+2 · · · x2k−1

0 0 x2k · · · x3k−3 0
...

...
...

. . .
...

0 0 0 · · · xN
y1 y2 y3 · · · yk
0 yk+1 yk+2 · · · y2k−1

0 0 0 y2k · · · y3k−3

...
...

...
. . .

...
0 0 0 · · · yN


,

where N = k(k+1)
2 and

∏
xiyi 6= 0. To simplify notation, let xi,j denote the variable in the ith row and jth

column of C for 1 ≤ i, j ≤ k, and let yi,j be the (k + i, k + j) entry. We show that for any T ∈ G(k, 2k)
with IT = IW , we can choose the x and y variables so that CW ′ = T . Let w1, . . . , wk be the basis for W ′

constructed in Lemma 3.4 and write w` = fi` + gj` . Since T has the same incidence dimensions as W ′, T
necessarily admits a basis of the form

t` =

i∑̀
p=1

apfp +

j∑̀
q=1

bqgq,

with ai` and bj` nonzero. We can therefore set xp,i` = ap and yq,j` = bq so that CW ′ = T . �
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Corollary 3.6. If W ⊂ V is any subspace of dimension k′ ≤ k, then the B-orbit of W is the set of all
W ′ ∈ G(k′, 2k) such that IW = IW ′ .

We have thus computed the B-orbits of G(k, 2k). We now extend to the general case n ≥ 2k by modifying
B so that the additional columns have many degrees of freedom.

Lemma 3.7. Let G(k, n) = G(k, 2k + s) with s > 0. Let B be the set of invertible matrices of the form

C =



B1 0
∗ ∗ · · · ∗
...

...
...

...
∗ ∗ · · · ∗

0 B2

∗ ∗ · · · ∗
...

...
...

...
∗ ∗ · · · ∗

0 0
∗ ∗ · · · ∗
0 ∗ · · · ∗
...

...
. . .

...
0 0 · · · ∗


where B1, B2 are k × k invertible upper-triangular matrices. Let F• and G• be the length k flags as above,
corresponding to B1 and B2. If W ∈ G(k, n) then the B-orbit of W is the set of all W ′ ∈ G(k, n) such that
IW = IW ′ .

Proof. Let W ∈ G(k, n), and let V = W ∩ (Fk + Gk). Then V ∈ G(k′, Fk + Gk) = G(k′, 2k), where
k′ = dimW ∩ (Fk +Gk). By Corollary 3.6, the B-orbit of V is the set of all V ′ ∈ G(k′, 2k) with IV ′ = IV .
Let wk′+1, . . . , wk ∈W be linearly independent vectors so that V + 〈wk′+1, . . . , wk〉 = W . Then the B-orbit
of 〈wk′+1, . . . , wk〉 is the set of all (k− k′)-dimensional spaces that do not meet Fk +Gk. This completes the
proof. �

Theorem 3.8. Let Γ be a set of 2 general points on G(k, n) and XΓ the blow-up of G(k, n) along Γ. Then for
all 0 ≤ m ≤ k(n− k), Effm(XΓ) is generated by strict transforms of Schubert cycles and strict transforms of
intersections of Schubert cycles defined with respect to flags defined in terms of the fi and gj. In particular,

Effm(XΓ) is finitely generated for all m.

Proof. For any Grassmannian G(k, n), there is an isomorphism G(k, n) ∼= G(k, n − k). Without loss of
generality, we may therefore assume n ≥ 2k. Let V be an n-dimensional vector space and choose a basis for
V so that the subgroup B of upper-triangular matrices of the form in Lemma 3.7 fixes Γ. If π : XΓ → G(k, n)
is the blow-up of G(k, n) at Γ, then the B-action extends to XΓ and BEi = Ei, where Ei are the exceptional
divisors. Let Y ⊂ XΓ be a B-invariant irreducible m-cycle. Since π is B-equivariant, π(Y ) is B-invariant
too.

Since π(Y ) is B-invariant, it is the union of its B-orbits. By Lemma 3.7, π(Y ) is an intersection of
Schubert varieties. Thus Y is the strict transform of an intersection of Schubert varieties. It follows that all
extremal m-cycles are strict transforms of such intersections. �

It is reasonable to wonder if this argument extends to G(k, 3k) or indeed to G(k, dk) for d ≥ 3. Unfortu-
nately, this does not appear to be the case. The dimension of G(k, dk) is (d− 1)k2, but if B ⊂ GL3k is the
group of block-diagonal matrices with d blocks of k × k upper-triangular matrices, then B has dimension
dk(k + 1)/2. Thus for d > 2 and large k, B cannot have a dense orbit and therefore cannot have finitely
many orbits.

4. S-generation of cones of divisors and curves

In this section we describe the pseudoeffective cones of divisors and curves on blow-ups of Grassmannians.
We will denote G(k, n) by X, and if Γ is a set of points on X then XΓ will denote the blow-up of X along
Γ. Recall that H is the the pullback of the Schubert class σ1 to XΓ and ` its dual, i.e., the pullback of
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the one-dimensional Schubert class. By Schubert calculus, we have ` · H = 1. Taking λ = (1, 0, . . . , 0) in

Corollary 3.2, we see that Eff
1
(X1) is generated by the exceptional class E and H − kE.

A more geometric argument allows us to describe the pseudoeffective cone of divisors on the blow-up of
G(k, 2k) at two points. The key ingredient is the explicit description of the singular locus of the Schubert
variety Σ1 given in Rosenthal-Zelevinsky [RZ].

Lemma 4.1. Let α = ae0 − b1e1 − b2e2 ∈ Z3 satisfy ka ≥ b1 + b2, with a, b1, b2, k ≥ 0. Then α is in the
positive linear span of the vectors ei for 0 ≤ i ≤ 2 and βm = e0 −me1 − (k −m)e2 for 0 ≤ m ≤ k.

Proof. We induct on a. Suppose a = 1. By subtracting e0 from α, we may assume ka = b1 + b2. Then
α = βm for some m. For a > 1, observe that if α satisfies the inequality ka ≥ b1 + b2 then so does α − βm
for any 0 ≤ m ≤ k. �

Theorem 4.2. Let Γ be a set of r = 2 general points on G(k, 2k). Then Eff
1
(XΓ) is S-generated. Moreover,

Eff
1
(XΓ) is spanned by the exceptional classes E1, E2, and classes of the form H −mE1 − (k −m)E2.

Proof. Let α = aH − b1E1 − b2E2 ∈ Eff
1
(XΓ). By Lemma 4.1, it suffices to establish (1) the inequality

ka ≥ b1 + b2 and (2) that H − mE1 − (k − m)E2 is effective for 0 ≤ m ≤ k. To show the inequality we
construct a moving curve of class k` − `1 − `2. Let Λ1, Λ2, Λ3 be general (k − 1)-planes in P2k−1. By [C1,
Lemma 2.5], there is a degree k scroll containing Λ1, Λ2 and Λ3. This scroll corresponds to a degree k curve
in G(k, 2k) containing the points corresponding to the Λi. Thus in the blow-up XΓ of G(k, 2k) at Λ1 and
Λ2, k` − `1 − `2 is a moving curve and has positive intersection with any effective divisor class. This gives
the desired inequality.

Given two general (k − 1)-planes Λ1 and Λ2, choose m points on Λ1 and k −m points on Λ2. Let Φ be
the (k− 1)-plane spanned by these points. Let Σ1 be the Schubert variety of (k− 1)-planes meeting Φ. The
singular locus of Σ1 of multiplicity at least m is the Schubert variety Σλ, where

λi =

{
m 1 ≤ i ≤ m
0 m+ 1 ≤ i ≤ k.

This is the Schubert variety of (k − 1)-planes meeting Φ in dimension at least m − 1. By construction, Λ1

is in the multiplicity-m locus of Σ1 and Λ2 is in the multiplicity-(k −m) locus. Thus in the blow-up XΓ of
G(k, 2k) at Γ = {Λ1,Λ2}, the class H −mE1 − (k −m)E2 is effective. This holds for any m between 0 and
k, so the proof is completed. �

We now consider curves. S-generation of Eff1(XΓ) is comparatively easy to determine because the effective
generator of N1(G(k, n)) can pass through precisely one general point.

Proposition 4.3. Suppose k ≥ 2 and n − k ≥ 2 and σ = σn−k,n−k,...,n−k,n−k−1 is the one-dimensional
Schubert class corresponding to k-planes contained in a fixed (k + 1)-plane Λ that contain a fixed (k − 1)-
plane Φ ⊂ Λ. Then there is no variety of class σ through more than one general point of G(k, n).

Proof. A curve on the Plücker embedding G(k, n)→ P(n
k)−1 is a line if and only if it has class σ. It follows

that the class σ is rigid, and therefore it suffices to prove the claim for Schubert varieties. Let W and W ′

be two general k-planes in an n-dimensional vector space V . Then dim(W +W ′) ≥ 2 + k. But if W and W ′

are contained in σ then they must be contained in the same (k + 1)-plane, a contradiction. �

It follows that Eff1(XΓ) is S-generated if and only if every pseudoeffective class α can be written as a
positive linear combination of the classes `− `i and `i, for 1 ≤ i ≤ r. More generally, we have the following
criterion for a class α in Eff

m
(XΓ) to be effective.

Lemma 4.4. Let α ∈ Eff
m

(XΓ) be a class α =
∑
|λ|=m aλσλ −

∑r
i=1 biE

[m]
i , bi ≥ 0 for all 0 ≤ i ≤ r, such

that ∑
|λ|=m

aλ ≥
r∑
i=1

bi.

Then α is in the span of the classes σλ − E[m]
i and E

[m]
i for 0 ≤ i ≤ r.
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Proof. We induct on r. In the case r = 1 write α =
∑
λ aλσλ − bE[m]. Then

α =
∑
λ

aλ(σλ − E[m]) +

(
−b+

∑
λ

aλ

)
E[m].

Suppose the claim holds for r − 1 points. Choose numbers a′λ such that 0 ≤ a′λ ≤ aλ and
∑
λ a
′
λ = br. We

have

α =
∑
λ

(aλ − a′λ)σλ +

r−1∑
i=1

biE
[m]
i +

∑
λ

a′λ(σλ − E[m]
r ).

Since
∑
λ(aλ − a′λ) ≥

∑r−1
i=1 bi, the class

∑
λ(aλ − a′λ)σλ +

∑r−1
i=1 biE

[m]
i is in the span of Schubert classes by

the inductive hypothesis. �

Proposition 4.5. If Γ is a set of r points on G(k, n) then Eff1(XΓ) is S-generated if and only if the class
H −

∑r
i=1Ei is nef.

Proof. Let α = a`−
∑
bi`i ∈ Eff1(X). By Lemma 2.6, we may assume bi ≥ 0 for 0 ≤ i ≤ r. Since ` ·H = 1

we have:

α ·

(
H −

∑
i

Ei

)
= a−

∑
bi ≥ 0.

Thus the intersection is nonnegative if and only if a ≥
∑
bi if and only if α is in the span of the classes `,

`i, and `− `i by Lemma 4.4. �

We can now show that Effm(XΓ) is S-generated for m = 1, 2 when Γ consists of at most
(
n
k

)
− k(n − k)

general points. We will make use of a few standard facts from Schubert calculus. First, N2(G(k, n)) is
spanned by the two Schubert classes σ2 and σ1,1. Similarly, N2(G(k, n)) is spanned by the classes σ∗2 =
σn−k,n−k,...,n−k,n−k−2 and σ∗1,1 = σn−k,n−k,...,n−k,n−k−1,n−k−1. These classes satisfy

σ∗2 · σ2 = σ∗1,1 · σ1,1 = 1, σ∗2 · σ1,1 = σ∗1,1 · σ2 = 0, σ2
1 = σ2 + σ1,1.

Proposition 4.6. Let Γ be a set of r general points on G(k, n) and suppose

r ≤
(
n

k

)
− k(n− k).

Then

(1) Eff1(XΓ) is generated by the exceptional classes and classes of the form `− `i for 0 ≤ i ≤ r.
(2) Eff2(XΓ) is generated by the exceptional classes and classes of the form σ∗2 − Ei,[2] and σ∗1,1 − Ei,[2]

for 0 ≤ i ≤ r, where σ∗λ denotes the the Schubert class dual to σλ.

In particular, Eff1(XΓ) and Eff2(XΓ) are S-generated.

Proof. Let Γ be a set of r general points and Γ′ ⊂ Γ a set of r′ points. If α is an effective m-cycle in
Effm(XΓ′) then the strict transform of α in Effm(XΓ) is effective. Thus if the claim holds for Γ, it holds for
Γ′. It therefore suffices to consider the case r =

(
n
k

)
− k(n− k).

The base locus of the linear system of hyperplanes containing Γ is the (r−1)-plane Λ spanned by Γ. Since

dim Λ + dim G(k, n) =
(
n
k

)
− 1, the intersection Λ ∩ G(k, n) in P(n

k)−1 is a finite set. Thus the divisor class

H −
∑r
i=1Ei is nef. The claim for Eff1(XΓ) follows from Proposition 4.5.

Let β be a pseudoeffective 2-cycle on XΓ. By Lemma 2.6, we may assume β is of the form:

β = a2σ
∗
2 + a1,1σ

∗
1,1 −

r∑
i=1

biEi,[2],

with bi ≥ 0 for 0 ≤ i ≤ r. Since H −
∑r
i=1Ei is nef, we have

0 ≤ β ·

(
H −

r∑
i=1

Ei

)2

= a2 + a1,1 −
r∑
i=1

bi.

By Lemma 4.4, β is in the span of the Schubert classes. �
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There exist Grassmannians for which Eff1(XΓ) is not S-generated for r >
(
n
k

)
− k(n − k). For example,

we will show this for G(2, 4) in Proposition 5.2. However, Proposition 4.6 can typically be improved by one,
at least for curves.

Proposition 4.7. Suppose k and n are such that d ≥
(
n
k

)
− k(n − k) + 1, where d is the degree of the

Grassmannian in its Plücker embedding. Then Eff1(XΓ) is S-generated if

r ≤
(
n

k

)
− k(n− k) + 1.

Proof. Following the proof of Proposition 4.6, we examine the linear system of hyperplanes containing the
points pi. The base locus is the linear space Λ spanned by the pi of Γ. Taking r =

(
n
k

)
+ k2 − kn + 1, we

have dim(Λ ∩ G(k, n)) = 1. The only curves that can meet the class H −
∑r
i=1Ei negatively are those of

class d`−
∑r
i=1 `i. But d ≥ r by assumption, so Eff1(X) is S-generated by Propositions 4.4 and 4.5. �

Remark 4.8. The degree of the Plücker embedding is

d = (k(n− k))!

k∏
i=1

(i− 1)!

(n− k + i− 1)!

(see, for example, [CCH+]).

If we weaken the hypotheses of Proposition 4.6 to allow for very general points, we can characterize
precisely when the cone of pseudoeffective curves is S-generated.

Proposition 4.9. Let X ( Pn be a nondegenerate irreducible variety of degree d such that X is covered by
lines and has Picard rank 1. Let π : Xr → X be the blow-up of X at r very general points. If r ≤ d then
Eff1(Xr) is generated by exceptional classes and classes of proper transforms of lines.

Proof. It suffices to consider the case r = d. Let Λ be a general linear space of dimension n − m, and
{p1, . . . , pr} = X ∩ Λ. The linear system of hyperplanes on X containing each pi has precisely the set
{p1, . . . , pr} as its base locus. Let Xr be the blow-up of X at these points and let H be the effective

generator of N1(X). Then π∗H −
∑r
i=1Ei ∈ Eff

1
(Xr) is nef.

Let ` ∈ Eff1(Xr) be the class of the proper transform of a line not passing through any of the pi. Then

π∗H ·` = 1 and Ei ·` = 0 for i = 1, . . . , r. Let α ∈ Eff1(Xr) have class a`−
∑r
i=1 biE

[m−1]
i . Since H−

∑r
i=1Ei

is nef we must have a ≥
∑r
i=1 bi. Since X is covered by lines, it follows that Eff1(Xr) is generated by the

classes of strict transforms of lines and the exceptional classes. By [L, Prop. 1.4.14], the same must hold for
a very general set of points p1, . . . , pr. �

The one-dimensional Schubert variety Σn−k,...,n−k,n−k−1 maps to a line under the Plücker embedding.
We obtain the following corollary.

Corollary 4.10. Let Xr be the blow-up of G(k, n) at r very general points. Then Eff1(Xr) is S-generated
if and only if r ≤ d, where d is the degree of G(k, n) in the Plücker embedding.

Proof. Since G(k, n) has Picard rank 1 and is covered by lines, Proposition 4.9 shows that Eff1(Xr) is
S-generated for r ≤ d. Conversely, suppose r > d. Then the linear system H −

∑r
i=1Ei satisfies (H −∑r

i=1Ei)
m < 0, where m = k(n − k) = dim G(k, n). In particular, it is not nef. It therefore has negative

intersection with some curve class α = a` −
∑r
i=1 bi`i. The intersection number is a −

∑
bi, thus Eff1(Xr)

cannot be S-generated. �

5. Examples: G(2, 4) and G(2, 5)

Our first example is the pseudoeffective cone of blow-ups of the Grassmannian G(2, 4) of lines in P3.
We will continue to denote by ` the class of the strict transform of the Schubert variety Σ2,1, by Ei the
exceptional divisors, and by `i the one-dimensional linear classes contained in them. Let r be a non-negative

integer. If r ≤ 2, then Theorem 4.2 implies that Eff
1
(XΓ) is S-generated and Proposition 4.6 implies the

same for Eff1(XΓ) and Eff2(XΓ). Under the Plücker embedding, G(2, 4) is a quadric hypersurface in P5. A
calculation for quadric hypersurfaces allows us to compute the cone of pseudoeffective curves on blow-ups of
G(2, 4). The following lemma was shown independently in [R].
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Lemma 5.1. Let Q ⊂ Pn+1 be a quadric hypersurface of dimension n ≥ 3. Let Γ be a set of r general points
on Q and QΓ the blow-up of Q along Γ. We have the following:

(1) If 0 ≤ r ≤ 2 then Eff1(QΓ) is generated by the exceptional classes and the classes of strict transforms
of lines on Q.

(2) If 3 ≤ r ≤ 6 then Eff1(QΓ) is generated by the exceptional classes and the classes of strict transforms
of lines and conics on Q.

Proof. Since n ≥ 3, PicQ has rank 1, thus N1(Q) and N1(Q) are 1-dimensional and the generator of N1(Q)
is the class of a line. Let H ∈ N1(Pn+1) be the class of a hyperplane. Then in the blow-up Pn+1

Γ of Pn+1

along Γ, the base locus of the class π∗H −E1−E2 is the line spanned by the two points of Γ. In particular,
its restriction to QΓ is nef. Let ` ∈ N1(QΓ) be the pullback of the class of a line and `i ∈ N1(Q) the class of
a line contained in the exceptional divisor Ei. Then if a`− b1`1− b2`2 is effective, we must have a ≥ b1 + b2.
Since Q is covered by lines, the classes `− `i are effective. Since a ≥ b1 + b2, the classes `− `i and `i must
generate the effective cone.

Suppose 3 ≤ r ≤ 6. We project Q ⊂ Pn+1 → Pn−1 from two points pi and pj of Γ and take cones over
quadric surfaces containing the remaining pk. Note that the vector space of quadric hypersurfaces in Pn−1

has dimension 1
2n(n + 1). Since n ≥ 3 and r ≤ 6, the base locus of quadrics Q′ ⊂ Pn−1 containing the pk

is just the set of the pk. By taking cones over these Q′, singular along the line pipj , we obtain quadrics in
Pn+1 with double points at pi and pj . The base locus of such quadrics is thus the set of planes pipjpk as k
varies.

The intersection of such a plane with Q is a conic whose strict transform in QΓ has class 2`− `i− `j − `k.

If C ∈ N1(QΓ) has class a` −
∑6
i=1 bi`i and C is not contained in one of these planes, then C has proper

intersection with the divisor 2π∗H − 2Ei − 2Ej −
∑
k 6=i,j Ek. That is, C either contains a conic of the form

2`− `i − `j − `k or it satisfies the inequality

(1) 2a ≥ 2bi + 2bj +
∑
k 6=i,j

bk.

After subtracting off components of C that are conics, we may assume (1) holds for all i, j. Suppose b1
and b2 are maximal among the coefficients of the `k in the expression of C. Fix a choice of indices i, j, k.
We subtract 2` − `i − `j − `k from C a total of

⌊
a
2

⌋
times to obtain a class D = a′` −

∑
b′i`i. We claim D

is in the span of strict transforms of lines. Assuming this, C is then the sum of D and conics, proving the
claim. Suppose first that a is even. Then

r∑
i=1

b′i =

r∑
i=1

bi −
3a

2
= 2b1 + 2b2 +

r∑
i=3

bi −
3a

2
− b1 − b2.

It suffices to show that
∑
b′i ≤ 0. Applying (1), we have

r∑
i=1

b′i ≤ 2a− 3a

2
− b1 − b2.

We may assume that b1 and b2 are as small as possible. Since they are assumed to be maximal among the
bi, it suffices to prove the claim when b1 = b2 = · · · = br. In this case, 2a ≥ (r + 2)b1 by (1), whence:

2a− 3a

2
− b1 − b2 ≤ 2a− 3a

2
− 4a

r + 2
=
a(r − 6)

2(r + 2)
.

Since r ≤ 6, the it follows that
∑
b′i ≤ 0.

If a is odd then
⌊
a
2

⌋
= a−1

2 and it suffices to show that
∑
b′i ≤ 1. We have:

r∑
i=1

b′i ≤ 2a−
(

3a− 3

2

)
− b1 − b2.

Again we may assume b1 = b2 = · · · = br, so that

2a−
(

3a− 3

2

)
− b1 − b2 ≤

a+ 3

2
− 4a

r + 2
=
a(r − 6) + 3(r + 2)

2(r + 2)
< 2.

Since
∑
b′i is an integer, it follows that

∑
b′i ≤ 1. �
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Proposition 5.2. Let Γ be a set of r general points on G(2, 4), and XΓ the blow-up of G(2, 4) along Γ.

(1) For r = 1 and r = 2, Eff1(XΓ) is S-generated.
(2) For 3 ≤ r ≤ 7, Eff1(XΓ) is generated by the Schubert classes, the exceptional classes, and by conics

of the form 2`− `i − `j − `j, for i, j, k distinct.

Proof. By Lemma 5.1, it suffices to resolve the case r = 7. Consider the linear system H −E1 −E2 −E3 −
E4−E5 of hyperplanes through five of the points p1, . . . , p5. Its base locus is the intersection of the P4 they
span with G(2, 4), hence a quadric 3-fold Y . By Lemma 5.1, the pseudoeffective cone Eff1(Y5) of the blow-up
of Y at the five points p1, . . . , p5 is generated by lines and conics. Therefore on XΓ a pseudoeffective curve
class either lies on a quadric threefold and is therefore in the span of lines and conics, or it meets the class
H −

∑5
j=1Eij positively and therefore satisfies the following inequality:

a ≥ bi1 + · · ·+ bi5 .

Let α be a pseudoeffective cycle and subtract 2` − `i − `j − `k from α a total of
⌊
a
2

⌋
times. If a is even, it

suffices to show that
∑7
i=1 bi −

3a
2 ≤ 0. Without loss of generality, assume b1 ≥ b2 ≥ · · · ≥ b7. By the above

inequality, we have:
7∑
i=1

bi −
3a

2
≤ b6 + b7 −

a

2
.

Suppose now that b6 + b7 >
a
2 . Since (b6 + b7) + b1 + b2 + b3 ≤ a, it follows that at least one of b1, b2 and b3

is at most a
6 . But b6 is at least a

4 , contradicting its minimality. Thus
∑7
i=1 bi −

3a
2 ≤ 0.

Similarly, if a is odd it suffices to show that
∑7
i=1 bi −

3(a−1)
2 ≤ 1. If not, then b6 + b7 >

a−1
2 . Again,

we must have bi ≤ a
6 for some i 6= 6, 7, but b6 ≥ a−1

4 . This is impossible if a ≥ 1, so we again arrive at a
contradiction. �

Proposition 4.6 implies that if Γ consists of at most two general points, then Eff2(XΓ) is S-generated.
Using the rigidity of the 2-dimensional Schubert classes, we show below that the converse is also true. Note

that Theorem 4.2 implies Eff
1
(XΓ) is S-generated when r = 2 and so we have that Eff

m
(XΓ) is S-generated

for r ≤ 2 for all 1 ≤ m ≤ 3.

Proposition 5.3. Let XΓ be the blow-up of G(2, 4) at a set Γ of r general points. Then the pseudoeffective
cone Eff2(XΓ) is S-generated if and only if r ≤ 2.

Proof. That Eff2(XΓ) is S-generated for r ≤ 2 follows immediately from Proposition 4.6. Conversely, let Γ
be a set of three general points on G(2, 4). If Λ ⊂ P5 is a general 3-plane containing Γ, then Λ∩G(2, 4) is a
quadric surface of class σ1,1 + σ2. Thus the class σ1,1 + σ2 − E1,[2] − E2,[2] − E3,[2] is effective. A Schubert
variety of class σ1,1 or σ2 can pass through only one general point. Indeed, σ1,1 corresponds to the class in
G(2, 4) of planes contained in a fixed 3-dimensional vector space and σ2 corresponds to the class of planes
containing a fixed line. Further, the classes σ1,1 and σ2 are rigid by [C2], thus any variety of such a class
can pass through only one general point. Thus σ1,1 + σ2 − E1,[2] − E2,[2] − E3,[2] cannot be in the span of
Schubert classes. �

Our next example is the Grassmannian G(2, 5) of lines in P4. Under the Plücker embedding, G(2, 5) is
a quintic 6-fold in P9. Let Γ be a set of r points on G(2, 5) and XΓ the blow-up of G(2, 5) along Γ. By

Corollary 3.2, Eff
1
(XΓ) is S-generated if r = 1. By Propositions 4.7 and 4.6, Eff1(XΓ) is S-generated for

r ≤ 5 and Eff2(XΓ) is S-generated for r ≤ 4. We will show in Section 6 that if r = 6, Eff1(XΓ) is not
finitely generated (assuming the SHGH conjecture). We conclude this section by showing that Eff3(XΓ) is
S-generated when Γ consists of r ≤ 4 general points.

Proposition 5.4. Let XΓ be the blow-up of G(2, 5) at r general points. If r ≤ 4 then Eff3(XΓ) is S-generated.

Proof. Suppose first that r = 1 and α = a2,1σ2,1 + a3σ3− bE[3] is a 3-cycle. The linear system H −E is nef,
so we have

0 ≤ (H − E)3 · α = (2σ2,1 + σ3 − E[3]) · α = 2a2,1 + a3.

A Schubert variety of class σ2,1 has a singularity of multiplicity 2, thus σ2,1 − 2E[3] is an effective class. If

b ≥ 2a2,1 then we subtract a2,1(σ2,1 − 2E[3]) from α to obtain an effective class

a3σ3 − (b− 2a2,1)E[3].
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Since a3 ≥ b− 2a2,1, we may write

α = a2,1(σ2,1 − 2E[3]) + (a3 + 2a2,1 − b)(σ3 − E[3]).

Suppose now 2 ≤ r ≤ 4. Take a pseudoeffective class

α = a2,1σ2,1 + a3σ3 −
r∑
i=1

biE
[3]
i .

By the nefness of H −
∑
Ei we have the inequality

(2) 2a2,1 + a3 ≥
∑

bi.

Now Σ2,1 is the variety of 2-dimensional vector spaces contained in a 4-dimensional space. Fix two general
points W,W ′ ∈ G(2, 5). Let V = W + W ′ be the 4-dimensional space they span, and F• a flag such that
F4 = V . Then the Schubert variety Σ2,1(F•) contains W and W ′. Thus there exist Schubert varieties of class
σ2,1 through 2 general points and Schubert varieties of class σ3 through 1 general point. Schubert varieties
of class σ2,1 have singularities of multiplicity 2.

We will show by induction on r that any class satisfying (2) must be in the span of the Schubert classes.
Without loss of generality, assume b1 ≥ b2 ≥ · · · ≥ br. If 2a2,1 ≥ b1 then subtract

⌊
b1
2

⌋
(σ2,1 − 2E[3]) from α.

If b1 is even then we have

α′ := α−
⌊
b1
2

⌋
(σ2,1 − 2E[3]) =

(
a2,1 −

⌊
b1
2

⌋)
σ2,1 + a3σ3 −

r∑
i=2

biE
[3]
i

By the induction hypothesis, we are done. If b1 is odd then further subtract σ2,1 − E[3]
1 − E

[3]
2 to obtain

α′′ := α−
⌊
b1
2

⌋
(σ2,1 − 2E[3]) =

(
a2,1 −

⌊
b1
2

⌋
− 1

)
σ2,1 + a3σ3 − (b2 − 1)E

[3]
2 −

r∑
i=3

biE
[3]
i .

If 2a2,1 < b1 then subtract a2,1(σ2,1 − 2E
[3]
1 ) from α to obtain

α′ := a3σ3 − (b1 − 2a2,1)E
[3]
1 −

r∑
i=2

biE
[3]
i .

Since a3 ≥
∑
bi − 2a2,1, we can subtract off σ3 − E[3]

i as needed. �

6. Curves on Fano manifolds of index n− 1

The goal of this section is to show that the cone of pseudoeffective curves on blow-ups of certain Fano
varieties is not finitely generated. This was proved by Coskun-Lesieutre-Ottem [CLO] for blow-ups of P3 at
9 or more very general points, assuming the SHGH conjecture. We will work over an algebraically closed
field of characteristic zero.

Definition 6.1. A smooth projective variety Z of dimension n ≥ 3 is called a Fano manifold of index n− 1
(or del Pezzo manifold) if

max{m ∈ Z>0 : −KZ = mH for some H ample} = n− 1.

More generally, the index of a Fano variety Z is the largest integer m such that −KZ = mH for an ample
divisor H. If dimZ = n and d = Hn is the degree of Z, then the number ∆ = n−d−1 is called the ∆-genus
of Z. Fano manifolds of index n− 1 are therefore sometimes called varieties of ∆-genus one (see [F3], [F1]).
Fano manifolds of index n− 1 were classified by Fujita in [F3] and [F2], and by Iskovskih in [I1] and [I1]. If
Z is a Fano manifold of index n− 1, then Z is one of the following:

(1) A linear section of the Grassmannian G(2, 5) in its Plücker embedding;
(2) A complete intersection of two quadric hypersurfaces in Pn+2;
(3) A cubic hypersurface in Pn+1;
(4) P2 × P2;
(5) F (1, 2; 3), the flag variety parameterizing complete flags in a 3-dimensional vector space;
(6) P1 × P1 × P1;
(7) A double cover Z → Pn branched along a quartic hypersurface;
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(8) The blow-up of P3 at a point;
(9) A sextic hypersurface in the weighted projective space P(3, 2, 1, . . . , 1).

Fano manifolds of index n− 1 always contain a del Pezzo surface. Indeed, suppose H is an ample divisor
on Z such that −KZ = (n − 1)H. Then by adjunction, the complete intersection Hn−2 is a surface with
ample anticanonical. The degree of this del Pezzo surface depends on the structure of Z.

Proposition 6.2. Let Z be a Fano manifold of index n − 1 with −KZ = (n − 1)H for H ample, and let
d = Hn. If Γ is a set of d + 1 very general points on Z then the base locus of the linear system of divisors
H containing Γ is a del Pezzo surface of degree d.

Proof. By [F1], h0(Z,H) = n + d − 1. If we take d + 1 very general points in X, then the linear system of
divisors of class H passing through each point has dimension h0(Z,H)−(d+1) = (n+d−1)−(d+1) = n−2.
Taking n− 2 elements of |H|, their intersection has dimension 2 and class Hn−2. The canonical class of this
surface S is

KS = (−(n− 1)H + (n− 2)H)|S = −H|S .
Thus −KS is ample and so S is a del Pezzo surface of degree d. �

The del Pezzo surface of degree d is isomorphic to the blow-up of P2 at 9− d general points. If we choose
d+1 very general points on Z as in the proposition, the blow-up X of Z at those points contains the blow-up
of P2 at 10 very general points. Using this fact and the following conjecture, we will show that the cone of
pseudoeffective curves on X is not finitely generated.

Conjecture (Segre-Harbourne-Gimigliano-Hirschowitz (SHGH) Conjecture). Let Y be the blow-up of r very
general points of P2 and let L be a linear system on Y . Then h0(L) · h1(L) > 0 if and only if there exists a
(−1)-curve E such that E · C < 0, where C is a general curve of L.

The following theorem of de Fernex shows that the SHGH conjecture describes the nef cone on the blow-up
of P2.

Theorem 6.3 (de Fernex [DF]). Assume the SHGH conjecture. Let Y be the blow-up of P2 at r ≥ 10 points
and P ⊂ N1(Y ) the cone

P = {D ∈ N1(Y ) : D2 ≥ 0, D ·H ≥ 0}
for H any ample divisor. Then

Eff1(Y ) ∩K≥0 = P ∩K≥0,

where K≥0 = {C ∈ N1(Y ) : C ·KY ≥ 0}.
The proof of Theorem 6.5 rests on our ability to show that certain curve classes are nef on the blow-up of

P2. For this reason, it seems that the SHGH conjecture is indispensable. The purpose of the next lemma is
to show that we can push certain classes forward from the blow-up of P2 to the blow-up of a Fano manifold
of index n− 1 and obtain an extremal ray of the pseudoeffective cone.

Lemma 6.4 ([CLO]). Let S ⊆ X be a surface contained in a projective variety X such that the map
i∗ : N1(S)→ N1(X) induced by inclusion is surjective. Then we may write

Eff1(X) = i∗ Eff1(S) + Σ

for some cone Σ. Let Γ ⊂ N1(S) be a cone such that i∗Γ = Σ. Suppose D ∈ N1(X) is a class satisfying

(1) D is nef, and if D · γ = 0 for γ ∈ Eff1(S), then γ is a multiple of D;
(2) D · C = 0 for all C in the kernel of i∗;
(3) D · C > 0 for all C in Γ.

Then i∗D is nonzero and spans an extremal ray in Eff1(X).

Proof. Let Ω ⊂ N1(S) be the cone
Ω = Eff1(S) + ker i∗ + Γ.

Suppose D = α+β for α, β ∈ Ω. Conditions (1)–(3) imply that D is in the dual cone of Ω and D2 = 0, thus
D · α = D · β = 0. By (1) and (2) we see that α = a1D + C1, β = a2D + C2, where C1, C2 ∈ ker i∗.

Suppose now i∗D = α+β for α, β ∈ Eff1(X). Then we may write α = i∗αS +σα, β = i∗βS +σβ for some

αS , βS ∈ Eff1(S) and σα, σβ ∈ Σ. Let γα, γβ ∈ Γ be such that i∗γα = σα and i∗γβ = σβ . Then we have

i∗D = i∗(αS + βS + γα + γβ),
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so D = αS + βS + γα + γβ + C, for some C ∈ ker i∗. Since D2 = 0, conditions (1)–(3) imply γα = γβ = 0.
It follows that σα = σβ = 0 and thus D = i∗αS + i∗βS . By the above, we may write αS = a1D + C1,
βS = a2D +C2 for some C1, C2 ∈ ker i∗. Then α = i∗αS = a1i∗D and β = i∗βS = a2i∗D. Thus D spans an
extremal ray. �

Note that we may always take Γ to be the cone i−1
∗ (Σ) ∩ Eff1(X).

Theorem 6.5. Let X be the blow-up of a Fano manifold Z of index n − 1 at d + 1 very general points.
Assuming the SHGH conjecture holds for the blow-up of P2 at 10 very general points, there exist infinitely
many classes D satisfying the hypotheses of Lemma 6.4.

Proof. Let π : S → P2 be the blow-up of P2 at 10 very general points. We have seen that S ⊂ X. The surface
S contains 10 exceptional classes, d + 1 of which lie over points blown-up on Z. We denote these classes
by f1, . . . , fd+1 ∈ N1(S). The remaining π-exceptional classes will be denoted e1, . . . , eN , where N = 9− d.
Let h be the pullback of the hyperplane class in P2 via π. Then {h, e1, . . . , eN , f1, . . . , f10−N} is a basis for
N1(S).

Let δ be a real number such that
√

8−N
9(9−N) < δ < 1

3 . Observe that for N ≤ 8 this range is nonempty. Let

δ′ =
√

(9−N)
(

1
9 − δ2

)
. It follows that 0 < δ, δ′ < 1

3 . Define

Dδ = h− 1

3

N∑
i=1

ei − δ′f1 − δ
10−N∑
j=2

fj .

We show that D is nef. We have

D2 = 1− N

9
− δ′2 − 9−N

δ

2

= 0.

Suppose now that C ∈ Eff1(S) and KS ·C < 0. If C = ei or C = fj then D ·C > 0. We may therefore write
C = ah−

∑
i biei−

∑
j cjfj with bi, cj ≥ 0. Since KS = −3h+

∑
i ei+

∑
j fj it follows that 3a >

∑
i bi+

∑
j cj .

Then

3(D · C) = 3a−
N∑
i=1

bi − 3δ′c1 − 3δ

10−N∑
j=2

cj .

Since δ, δ′ < 1
3 , this number is positive. Suppose now KS · C ≥ 0. By the SHGH conjecture, it suffices to

show that D · C ≥ 0 when C2 ≥ 0. If C2 ≥ 0 then we have a2 ≥
∑
i b

2
i +

∑
j c

2
j . Because D2 = 0, it follows

by the Cauchy-Schwartz inequality that D · C ≥ 0, and equality holds if and only if C is a multiple of D.
This gives (1).

Now we must consider the structure of X. Note that if the claim holds for G(2, 5) then it holds for any
linear section of G(2, 5) of dimension at least 3. Similarly, if the claim holds for P2 × P2 then it holds for
F (1, 2; 3) which is a hyperplane section. We begin with case (1): Z = G(2, 5). We have −KZ = 5σ1 and the
intersection of hyperplanes containing 6 very general points is a del Pezzo surface of degree 5, isomorphic to
the blow-up of P2 at 4 points {q1, . . . , q4}.

The embedding of the degree 5 del Pezzo surface into P5 is given by the linear system of cubics in P2

vanishing at the four points q1, . . . , q4. If ` is the class of a line in X, then the map i∗ is defined by

i∗h = 3` i∗ei = ` i∗fj = f̂j ,

where f̂j ∈ N1(X) is the class of a line contained in the exceptional divisor over pj in X. The kernel of i∗ is
clearly generated by the classes h− 3ei. Further, we have

Eff1(X) = i∗ Eff1(S) +

6∑
j=1

R≥0(`− f̂j).

Indeed, the linear system H −
∑6
j=1Ej must have non-negative intersection with any class not contained

in its base locus. The base locus is the surface S, and if C is a curve whose intersection with this linear
system is non-negative then C is in the span of the linear classes (c.f. Proposition 4.9). In the notation of

the lemma, we have Σ =
∑6
j=1 R≥0(`− f̂j) and we take Γ to be the positive cone spanned by (h− 3fj) for

1 ≤ j ≤ 6.
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The intersection numbers are immediate: D · (h − 3ei) = 0 and D · (h − 3fj) = 1 − 3δ if j ≥ 2 and
D · (h− 3f2) = 1− 3δ′. Since δ, δ′ < 1

3 , these intersection numbers are strictly positive. This gives (2) and
(3) and completes the proof for Z = G(2, 5).

The proofs for the remaining cases proceed in a similar manner. We summarize the relevant data in the
following table.

Z Degree ker i∗ Γ

G(2, 5) 5
∑4
i=1 R≥0(h− 3ei)

∑6
j=1 R≥0(h− 3fj)

Q1 ∩Q2 4
∑5
i=1 R≥0(h− 3ei)

∑5
j=1 R≥0(h− 3fj)

Cubic hypersurface 3
∑6
i=1 R≥0(h− 3ei)

∑4
j=1 R≥0(h− 3fj)

P2 × P2 6
∑
i,j R≥0(ei − ej)

∑
i,j R≥0(ei − fj) +

∑
i,j,k R≥0(h− ei − ej − fk)

P1 × P1 × P1 6 R≥0(h− e1 − e2 − e3)
∑
i,k(ei − fk)

Double cover of Pn 2
∑7
i=1 R≥0(h− 3ei)

∑3
j=1 R≥0(h− 3fj)

Sextic hypersurface
in P(3, 2, 1, . . . , 1)

1
∑8
i=1 R≥0(h− 3ei)

∑4
j=2(h− 3fj)

Blow-up of P3 at a
point

7
∑2
i=1 R≥0(h− 3ei)

∑8
j=1 R≥0(h− 3fj)

�

Returning to the case Z = G(2, 5) we can show that blow-ups of certain Grassmannians at points in
special position have non-finitely generated pseudoeffective cones of curves.

Corollary 6.6. Assume the SHGH conjecture holds for the blow-up of P2 at 10 very general points. Let
X = G(2 + s, 5 + s) and fix a Schubert variety Σ3 ⊂ X. If Γ is a set of r ≥ 6 very general points in Σ3,
Then Eff1(XΓ) is not finitely generated.

Proof. We induct on s, using Theorem 6.5 as the base case. The Schubert variety Σ3 consists of all (1 + s)-
planes in P4+s passing through a fixed point p. Given a curve C ∈ G(2 + s, 5 + s), we obtain a variety

VC =
⋃
W∈C

W,

where the W are treated as (1 + s)-planes in P4+s. If (Σ3)Γ is the blow-up of the Schubert variety Σ3 along
Γ, we obtain a map ψ from N1((Σ3)Γ) to the blow-up Xs−1

∆ of G(1 + s, 4 + s) as follows. Given a curve C,
we choose a general hyperplane H ⊂ P4+s. Then H ∩ VC is a subvariety of P3+s of the same degree as VC .
We define the set ∆ to be the intersection of H with the r elements of Γ.

We also obtain a map Xs−1
∆ → Xs

Γ by sending a s-plane W ⊂ P3+s to the (s+ 1)-plane in P4+s spanned

by W and the fixed point p. This induces a map ϕ : N1(Xs−1
∆ )→ N1(Xs

Γ).

Let D ∈ Eff1(Xs−1
∆ ) be an extremal class. Write D = a`s−1 −

∑r
i=1 bi`i, where `s−1 is the pull-back of

the class σ3,...,3,2 ∈ A1(G(1 + s, 4 + s)). Then ϕ(D) = a`s −
∑r
i=1 bi`i. We claim that ϕ(D) is extremal in

Eff1(Xs
Γ).

First observe that ϕ(D) is pseudoeffective. Indeed, for any ε > 0, D + ε`s−1 is effective and is therefore
represented by a variety Cε. This yields a variety VCε

⊂ P3+s. Taking the cone over VCε
we obtain a variety

V ′Cε
in P4+s swept out by the cones over the (1 + s)-planes of Cε. Thus (a + ε)`s −

∑
i bi`i is effective in

G(2 + s, 5 + s). Taking the limit as ε→ 0, we see that ϕ(D) is pseudoeffective.
Now suppose ϕ(D) = α+β for α, β ∈ Eff1(Xs

Γ). We next show that ψ(α) and ψ(β) are pseudoeffective in

Xs−1
∆ . Write α = c`s−

∑
i di`i. Then α+ ε`s is effective for ε > 0. Let Cε be a variety representing α+ ε`s.

A general hyperplane section of VCε gives a curve in G(1+s, 4+s) of class ψ(α+ε`s) = (a+ε)`s−1−
∑
i di`i.

Taking limits as ε→ 0 shows that ψ(α) is pseudoeffective.
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Since D is extremal and D = ψ(α) + ψ(β), we must have ψ(α) = a1D and ψ(β) = a2D. It follows that
α = a1ϕ(D) and β = a2ϕ(D). �

The corollary shows that specializing points can easily force pathological behavior of the pseudoeffective
cone of curves. Already in the case of X = G(3, 6), Corollary 4.10 shows that Eff1(Xr) is S-generated for
r ≤ 42 very general points. On the other hand, Corollary 6.6 shows that if these points are specialized to
a general set Γ ⊂ Σ3, then Eff1(XΓ) is not finitely generated for r ≥ 6. Nevertheless, if the points of Γ are
specialized to particular Schubert varieties, Eff1(XΓ) can be well-behaved. For example, if Γ is contained in
a 1-dimensional Schubert variety then Eff1(XΓ) will always be S-generated.

Proposition 6.7. Let L = Σn−k,n−k,...,n−k,n−k−1 be a line in G(k, n) and Γ a set of r points contained in

L. Then Eff1(XΓ) is S-generated.

Proof. Let C ∈ Eff1(XΓ). If r = 1 then the claim follows from Corollary 3.2. If r ≥ 2, then the base locus
of the linear system H −

∑r
i=1Ei is the line L. If C · (H −

∑
Ei) < 0 then C ⊂ L, hence C = L. Otherwise,

C has non-negative intersection with the linear system, thus is in the span of the Schubert classes. �

It would be interesting to systematically describe effective cones of blow-ups of Grassmannians at special
configurations of points. We conclude with a small step in this direction: the S-generation of Eff1(XΓ) is
determined by S-generation of the effective cone of a blown-up subgrassmannian.

Proposition 6.8. Let V be an n-dimensional vector space and W ⊆ V a linear subspace. Let X = G(k, V )
and Y = G(k,W ) ⊆ X. Let Γ be a collection of r points of Y , and let XΓ and YΓ be the blow-ups of X and
Y along Γ, respectively. Then Eff1(XΓ) is S-generated if and only if Eff1(YΓ) is.

Proof. Let `X denote the pullback to XΓ of the one-dimensional Schubert class on X, `Y the same for YΓ,
and similar for the exceptional classes `i,X and `i,Y . Assume first that Eff1(XΓ) is S-generated. If C is an
effective curve class on YΓ, we may write C = a`Y −

∑r
i=1 bi`i,Y . By Lemma 2.6, we may assume bi ≥ 0 for

all 1 ≤ i ≤ r. If i : YΓ → XΓ is the inclusion then i∗`Y = `X and i∗`i,Y = `i,X . Since Eff1(XΓ) is S-generated
and i∗C is effective, we have a ≥

∑r
i=1 bi. It follows that C is itself in the span of Schubert classes on YΓ.

Conversely, assume Eff1(YΓ) is S-generated and let C be a curve in XΓ. Then either C has non-negative
intersection with H −

∑r
i=1Ei, in which case C is in the span of the Schubert classes, or C is contained in

the base locus. Note that the base locus of H−
∑r
i=1Ei is contained in Y . Indeed, in the Plücker embedding

X → P(ΛkV ), we have Y = X∩P(ΛkW ). In particular, the base locus of the space of hyperplanes in P(ΛkV )
containing Γ is contained in P(ΛkW ), hence its intersection with X is contained in Y . It follows that if C
has negative intersection with H −

∑r
i=1Ei then C ⊂ Y , in which case C is in the span of the Schubert

classes by assumption. �

Example 6.9. Let X = G(2, V ) with n = dimV > 4. Let Γ be a set of r general points of a Schubert variety
Σn−3,n−4(F•) for some flag F•. We will show that XΓ is S-generated if and only if r ≤ 2. By definition,
Σn−3,n−4(F•) consists of 2-planes contained in F4 whose intersection with F2 is at least 1-dimensional.
Then Σn−3,n−4(F•) is contained in the Grassmannian Y = G(2, F4). By the proposition, it suffices to show

Eff1(YΓ) is S-generated if and only if r ≤ 2. The claim now follows from Proposition 5.2.
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